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A JISTR.ACT

~~ ur  natura l notion:~ rtf ohnervability are comparerl

i i  the cri~ e of ~~~y: Lt~’:~ lescribed by 1 dynomial

~ifference equntions . tft~e main result states that,

for a system having the standnrcl property of

(multiple-experiment initial-state) observahility ,

the response to almost any (long-enough ) input

sequence is sufficient for final-state determination .
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1. PFF TNIITI ONS t N P b ’HorT u~M ST/’TFI4I:!T1’

.:~~ 1~ n1 in this paper with discrete-time finite-dimensional nonlinear

~~~: t whose nex t  - . t .  Lo and output maps are poly~iomia1 functions of previous
I f . : ~ n pu t

x(t4l) = P(x(t),u(t))

y(t) h(x(t)), t 0, 1, :: 

~ ;t p p  u ( t ) .  x(t ’t . y ( t )  be lon g to algebraic sets I T , X , Y over arm arbi tTary
I I  x 1 5.I1~~~ ~ j f  ~ f i e l l  k . m i ]  w1~t ’re P :X *U • X an] h:X . Y are polynomial

~~~~~~~~~~~ (;~n r~
1L~L~iLL set. Is a : ~-’I . , in soo ’ a f f i n e spac e k0 . defi ned by polynomial

o f lh I~~~~inr1~~ ~~.jx 1 
x )  - . 0 } . )  We ass~~e that U is irreducible , i.e. U

cannot  be exp r e s~’e J  a s  n uni on of two proper algebraic subsets. (This last
r~’s t .r i c t ion is r ’rt i t ~ purely for technical  convenience; note that , in particular ,
an y a f f i n e ~ pnce  T J = km is irreducible.)

r t ~c’n E were ~~lled po Lynomi nl.  systems in SONTA G and ROUCHA LEA U~ ]O 7~~~• where
vnni ous properties were studied using elementary algebraic-geometric tools;

all t~ie algebraic-geometric concepts needed for this paper are summarized in

~~~ reference.

Denoting the extension of P to input sequences also by P:XKU* 9 X , 1 fo r
the eT pty sequence e, t’(x, e) = x,1 we can give the following

(1.1) DEFIUTTIONS . A polynomial system ~ is:

(a) observable 1ff for each pair of distinct states x, z in X there
exists no input sequence w in U* such that

h(P(x,w)) ~ h(P(z,w)).

(One says that w distinguishes between x and z.)

(b) single-experiment observable 1ff there is some r 0 and some

(fixed ) input sequence w (u~ , • •~~ 
Ui, ) such that for any x ~ z in X,

h(P(x,ui....,ut
)) 

~ 
h(P(z,ui,...,u

~
))

fo r som e O - t ~~~ r .
( c )  f ’inal - r,ta te  determinable 1ff there is some r ~ 0 arid some (fixed )

input sequence w (u 1, U r
) such that

L
- - — - -. .. 

~~~~~
_ .-~

__ —
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(~
) for ‘ ; ‘ i ii’ of stn t e n  x, z in X , either

h ( P ( x ,u 1 u~ )
~ t h ( P ( z ,u1 ut ) )  for some

0 t < r or P (x , w)  P(z , w ) .

( i )  fi nal-state determinable by generic_ inputs 1ff there is some r 
~ 

0

a ~r f ’t l ~~’~t r ~ ic  ~~t t ,  1~ ~ U T such that  (
~ 

) Pol ls f’or  each w not in P .

\ e  wish to prove that the  following are precisely the implications that hold :

( 1 . 2 )  ( b )  ~~~( a )  ~~ ( d )  ~~(c).

We show below , via counterexamples ( i .~~) , ( i .~~) and (1. ) respectively,
that ( a ) ~~~(h ) . ( ] ) ~~ ( a )  and ( e )

~~~~~
(t

~~
) ,  while Theorem (2 . t

~) shows that (a )~~ ( d ) .

( i.. ” )  ]:x1~1~~ r .  has X := k ’ , U~r Y: = k and equations

x 1( t+ l ) =

x0(ts-l) = x1 (t)(u(t) 
— x

1(t))

y(t) x~(t).

not d i f f i cu l t  to veri fy that  is observable , in fact even algebraically
.~ervoble in the sense of SONTAG and ROUCHA LF~ U i l~~i~ 1. But no single sequence

w serves to dis t ingu ish  every pair of initial states: let w = (u ,w ’) ,  with
U i n  TI: if  u 0 then (

~
) and (

~~
) are not distinguished by w, while

~~~~ . . \ /  toif  ii t 0 ~ken 0 ~~ indistinguisnable from

( f .~ t )  I.’ .~’ 1 t I 1 . . ‘ has X -
~ Y :~ k , U arbitrary, and equations

x ( t f l )  = 0

y ( t )  ~
- 0

2 i °  not observable , although (d)  holds trivially with F=empty,  r = 1.

( i . ,)  ! :XAW ] ’ r v .  , has  X = U = Y := k and equations

x ( t +l )  = x( t ) u ( t )

y(t) 0

The sequence (of length one ) w ~
- 0 solves the f inal-state  determination

problem . C~ npar1ng any nonzero state x with the zero state shows that

any sequence solving the final-state determination problem must have at

least one nonzero component, so rio proper set F as in (d) can exist.



“ ‘ i n  ( i~ ~~ I i i! ( n )  i s  t o ’  1’ f ’ i nj t i tt  i t ’  o]~~t i ~ ” i t i 1 . LLy ;t o t~ t ’ t

i i i  : T ~~i I ’  ! ‘ r ; , ‘&n ! H ’ t t ,. t r i v i’ t l ly .  ( t )  ir pl . l r s  (a )  and ( I )  ii”~~t i”s ( c) .

~~~~~ v (c ~~sti ~’rs I !c  exi S H ’ I I O C  of an input s i 1 1 o ’ io ’ w : ’ ii”! th a t , ini]rpert~1ent1y

of’ t h o  ~n i t , j n 1  t ’t . at o  x (n), t i n~ f ’ i n n l  state x ( t )  ( ‘an h i ’  ! ‘ f ’ ’ ~” j n ’ ’ ]  from the

nULPi It, lntn y(O) y(r). On the oth er  f i n n ~~, ( I )  ~~r’ ‘ ‘ ‘‘ i~~’’’’:’ t ~i ’0  r rh  a
Ti f~ ’ t — ~t~~n n f ~~ n i  i s  L i or e t i ’ r t l i y  p o s s i b le  w it h  e; ’ i i ~ i f j u u l ‘i t i n y  l o f l ’ -”l u I ’ h  I T O

I .e . i’t r on ]  — t  m o  s y u’ t c n  pi r ’t t j on.  (‘ i f l ’ i ’~ ¶ ~~~
4 I ‘m l  1 ( 1 1 1

S T f l l y  in su r e  I in  p r i n c i p l e ,  a n t  e ff ec t iv e  al ‘o’ I L ’ ’  ~ I ‘ ,‘ •
~~~~

.

(‘[ ( 0) ~ (~ ‘) )  x( i ’ ) i i i 0 st i l l  be ‘levelope ! p i  o ~~ rr’ t r t j o ’ ,] t t i ; 1 i ~~n t  I

to n o n l i n e a r  fi l t e r ing  p r ü b l o~ t~~.

( i i  ) For l inear  sys tems , ( a )  is t - ’mii vui 1 ent t o  ( h )  n ’  ( e ) j s  • ~j va

to ( I  ) : see KA fIP ’ ‘1. WA LB an ’! ~~~~~ 1° ~~ . mapt er s  ~ a n t

( i i i )  The no t ion s  co r re sponding  to  ( a ) . ( b )  I (r ~ , : , ,  i ’  s I n  I i ’ ! i n

~ r °n±  de tail  ~‘or f i n i t e  autom ata , b e g i n n i ng  w i t h  1.10011: 1 : s ’ . ’  ‘ I ’ ,! 1 ‘2

or COUWA Y r 10’ ii  . In the aut o p ’uut ’u  l i tera ture  one on i  I (~~) a ‘ i i  ‘t r ! l si ag ” n ’

) a ‘t hor~ing ” p”ob l PP ’ , a’i I one has p recisely tA i o  i s~~l icri t i o n s  (ti ~*(a)~~( o

I The n u t o m n t n  case takos c”re  f’ p o l y n om i a l  sy: l n ’iu ’ u vor  a t ’ i n i  t .e

f i el  ‘I k th i s  allows us to ‘o’~ ‘j  ‘1 ti t f c ’n t i n n  t o  1 ‘t f ’ i n i  t k , w i t  I

n~-~t’i1 ] onal  a l van t o g e  of a l  lnw i’ n’ I ]  tif i cnt, i ’ ’ i o f ’  ~t n l y ’ v u m i n  I s  a n ]  ptd y r t o ”H

fun ’’t ions . 1 Pinit,e’irs S ~ 0 4 1 p 
~
‘ I ‘ • ‘  set Is r rue i i  1 i n  t f i ~ ~u ‘~~u~’ c ’’it I nvo I

in  the n u tn r a t ,a r e su l t s , hu t , t t i  appears to l o  n t  w’~y of’ i ” r I ” r ’u  T i  z ing  su ’h

a rro ur en t s  through a r ep ]n r e r ’e i i t  0’ I i ’ ’ . I f  ‘ness by 1’] t i  t e — i lmen s t o n a l  j f  v:  1’

can be shown , for  in st o n ce . t, fi ’ I  in  t ,he contex t  of syst . o”s 1 f’i ~ e ~:‘ nu n  v 1 Ic

( ru ’ t i t er  than  polyn’ ‘ridal ) e l f i n  t i  us , ( a )  ‘ m en no 1 n i t ’e!’ imply  (r ) , say over

k = r ears .  ‘Pi us , one needs to deve lop  completely new n !’gl l: t e t l f n  here.

(iv) For continuous_t’i tc o systems , time-reversibility of differential

equat ions  im p l i e s  that (h) Is equivalont, to (e); this helps perhaps to understand

intuitive ly why (a),(h),(c) may be equivalent in that context , as shown recently

by GRASSFLLI an I ISIT)0R1 1 l’ i” for the ease of i .~t erna i ly -h i l in ea r  continuous-time

11~~~~ 
— — ‘ -

~ - 
‘ - — .- - ~~~~~ —‘c ‘
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i n T l ’  01’ ‘j ’ T j ] ’  p1 111

( 1 ) I ’  A l i t  / I I’, i i  I I I I i i  t I  an i t t ’ ~ i r 0

“lF i~~~~~S pc” t I  l0~l’ ru1t r :~~~L I’C I I  ~ n o I i  f un  I . For ”~~”ry  w (u ., U
r
)

I. lit I’ • an t 1’ ,” any  x • s. i i i

li ( i ’( X , 1l U
1 

)) 
~~‘ li ( ~( Z • ) ) . I. ( I  

I i i’

l’(x,w) ~ in ¶ i : ; t i  i i g u i n ! i n l ’  t o  L u  “ “ i  P (z , w ) .

I h OOF. fl 1 100 Y C I n c  ‘Ire i n t e ger p a i ’d si ric o a un ion  of proper
‘‘. 1 ’ ’  !r ~~ i 1’ : ’ r t  or i s  a t ’ ’ i i n  a u r o p e u ’  a t  c -c ’l r r u t c  s i l i s e t , , I t  is s uff i c i e n t

t o  h 1 ”  ‘r i  w i t h  ‘r’ “r I’

J o t  “ C) 1’ ’ suc ’ I L : ! n y  on is  ot ’ 1 i s t i r i t : u i s I i n h !e s1 nf . c’~ is already

I I  te ’ j s ! : ’ ’  I I ’ ’,’ in p n f .s of’ l e n r O , lu  ~ (~ o1rI’Ai; an’] t ) I I 0 I A T I ’ t i f l  F I r . , C o r o l l a r y  1. 3 1) .

l o t ’ ’ ’  iy a I geitr a ic ’ ~ nt, f’ , ,l et A (7 , ) h ’r i ’ :t , ’ t h e  m l  y ”h r n  of p olyn omial

f’ 1 ’ t ’ f  j ’ r I s  1 F . f~~t 1) l~ ’ t h o  i i  rect l]ni i t, o f ’  t , l i c  se ’]uence of k—algebras

A ( T J )  . ..  A ( T T ” ) ~ A ( U t ’
~~~)

A ( U )  A ( U 1’ )= A ( T ! ~’ ) Ø A ( t J ) :  ¶ ‘ fa 1.

I ,r’t K be the quotient field of D (which is an integral domain because

I I  i s  i r r e d u c i b l e ) .

Since Y = k, a polynomial map X x X~~U
t 

~Y is an element of

in particular the functions ht 
defined by

ht
(x,z,ui....,ut ):= h(P(x,u1

,...,ut)) 
- h(P(z,u1,...,ut

))

are in It(x~~x)’~~K. The latter is a finitely generated algebra over the field K.

r n c ’  T’~oetheria~ . Thus there is some integer r such that all h
t 

are in

f L ”  i d r ’n l  ~~
f’ A ( x � X ) Ø K genera te ’]  by h ,..., hr• In particular, there are

therefore equations

r
(2.2) Ch

~+~ 
= 

~~~~~~ 
~~~~ , j  = 1 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _______________—, ‘ ,--~~~~~ —.-‘ — ~~ .-~~~ ——‘- . ~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .~~~~ ‘~~~



a 1 1 “ i n  ~~ (~: . V ) , I t  a ‘i I a n ansi ’p ’  I ”  . 1 , f I ) . ~ ince 1’)

I i ’ ’  ‘ 1 ’  n i  I i ’  i’ ( !  ) .  I i ’ ,’ i s  so’ e i nt e g er  q such t h i ~ t a l l  a

‘i” H “ ( ~ ~ X ) ~~~ A ( Il ’ 1
) a t i  c i s  i n  A ( 1 1 ’ ) .  ~‘! I f ! ’ i f , loss of generality , we

‘h’ ] 1 at— i’ t ’ ’  I h’ ’ t q r’ I

l e f in e  t i  f l 1 ’ f l } ( r  algo}~ ’ Ic

(u 
~

ur
) in IT ’ such that ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ for all 

~~~~~~~~~~~~~ ~
. .

( ‘i i  ~ 1” ‘‘it , m s i ‘ ‘5 ° r o n i u l  cements  of Li i t ’  letr l ;a . Juiced , assum e tha t

. ., u )  i s  not i n  F. ‘l ake x , z in X such f l i n t  h ( P ( x , u
1

, . . . , u÷ ) )  
I
~~

) )  for a l l  t = 0. . . ., r, i.e.,

0, t = 0 . . . . ,  i’ .

°n t n ~~e x :o  °(‘< .~~ ) ,  z:  °(~~ .W). It must be pr~ve’1 l int x , z are indistinguishable .

A s s t : r  t} ’i t x , z are d ist i n g u i s h ed  by at I i l l t , s o l i l on c e  v , which can

I” t .’iken of l r”n~t,h , I .  0 .1 s.9 
by d e f i n i t i o n  n~ s. Jet

F1:= ~ w in 11,I such that 1’
~~ 

. ( x .z ,v , w) — f l  }
I i .  i~~~r i ’ ’i l ’, ’ ! ‘r ” i c  set , proper because v is to t i n  F 1 . i~~t

w in U’1 such that c(w ,w ,w ’ ) ~O fa r ’  all  w ’ in ~~-~‘-i ~

t , t i s  is a l s o  an algebraic set , and it is proper bec aus e was t aken not in F,., .

It follows that F
1

UF ,S i s  also a proper n 1 ci’]’r’nic sot,. let then w

Ii’ in n e i t h e r  F1 nor F2 . Th en c(w,w ,w~ ) i 0 t n”  r i o  w ’ • so

c (w ,w ,w ’ )~~i~~~~ .(x ,z ,w ,w)  1 0.

n t f ’ , ( t  .‘
. ), (2. ’~) antI (~ ‘ .J )  token tog& hi er  at’o c o n tr a l i c tor y .

(~~
‘ .“-)  THEO R EM . Ob servahi l ity implies,  for p o l y n t i h a l  r y ’ f o ’ s , f i n a l~ stnte

determinability with generic i nputs.

PROOF . Immediate from the lemma.

( 2 . 1’)  R F~I J\RK .  As shown i n  S0NTItGM )’i~ 1. canonical  r ea l i za tions  “ i. of polynomial

response maps are not , in general , polynomial systems . ‘n t i e  Theorem above is not

applicable directly (A (Xf) 
1
~~ i not Noetherian). However, If f admits a polynomial

-
- 

_ _~~~~~~_ . _ S_~~~~ ._ .~~~~~__ _ ___ ~~-~~-- —S



“en 1 i satio’i F, t °e n t h e !‘eae}in ]tle stat es of ‘
~~ 

form a set which is a

p . ‘ ri t~I e r i t  f t he  reachable state s of F . Then lemma ( 2 . ]) can be applied to Y~,
pl yi h g  that t h e  reachabl e  part of’ F r does sat isfy (:~ .2 ) .

p

I’

~~~~~~~~~~~~~~~~~~~~~ —~~~—~~~ . . - -
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